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A new numerical model of the lattice Boltzmann method utilizing least-squares finite element in space and
Crank-Nicolson method in time is presented. The new method is able to solve problem domains that contain
complex or irregular geometric boundaries by using finite-element method’s geometric flexibility and numerical stability, while employing efficient and accurate least-squares optimization. For the pure advection equation
on a uniform mesh, the proposed method provides for fourth-order accuracy in space and second-order accuracy in time, with unconditional stability in the time domain. Accurate numerical results are presented through
two-dimensional incompressible Poiseuille flow and Couette flow.
DOI: 10.1103/PhysRevE.69.065701

PACS number(s): 47.11.⫹j

Application of the lattice Boltzmann method (LBM) to
fluid flow suggests that it can be a powerful tool for solving
complex fluid dynamics problems [1]. Traditional LBM,
originating from lattice gas automata (LGA) where particles
propagate from one site to another on a regular lattice, however, is restricted to a uniform grid. This limitation seriously
affects the potential use of traditional LBM in many practical
problems, e.g., flow in porous media, where complex pore
geometries cannot be well represented by a uniform lattice
[2]. While the coupling between discretization of velocity
spaces and physical space is an essential part of LGA dynamics, it is not critical for LBM [3]. For example, interpolationsupplemented LBM can be implemented on an irregular rectangle [4,5]. Furthermore, LBM can be coupled with
traditional numerical methods such as finite difference (FD),
finite volume (FV), and finite element (FE) methods to extend the applicability of the LBM to irregular unstructured
grids.
Based on Runge-Kutta time discretization and various
spatial discretization schemes, Chen and co-workers [1,6]
combined FD and LBM in a number of ways. The first central difference scheme was proposed by Cao et al. [6] in
Cartesian coordinates, and was later extended to curvilinear
coordinates with nonuniform grids [7]. A finite difference
LBM (FD-LBM) scheme has been successfully applied in
several aspects of fluid simulation [1], for example, for
single-phase flow through three-dimensional digitized rock
fractures under varied simulated confining pressures [8].
Amati et al. [9] were the first to propose a finite volume
formulation of the LBM where a piecewise linear interpolation scheme was used to estimate the volume-averaged particle distribution in a nonuniform coarse lattice. Another
volumetric formulation of LBM was developed by Chen
[10], which can be applied to arbitrary meshes while achieving exact adherence to conservation laws and equilibrium
conditions [10]. Peng et al. [11–13] proposed additional versions of the finite volume LBM (FV-LBM) for both triangular and rectangular elements, which appears to be flexible for
both internal and external boundaries. The inherent geomet-
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ric flexibility and numerical stability of the finite-element
method suggests that a finite-element LBM (FE-LBM) may
be an appealing alternative to FV-LBM and FD-LBM.
While several works describe applications of FD and FV
methods to LBM, few works have addressed FE-LBM. The
popularity of FD-LBM and FV-LBM relative to FE-LBM
derives from the nature of the classic Galerkin finite-element
method. For equations with self-adjoint and positive-definite
operators, the classic Galerkin finite-element method can
lead to symmetric and positive-definite systems of linear algebraic equations. However, for non-self-adjoint equations,
such as the lattice Boltzmann equation, classic Galerkin
methods are often corrupted by spurious oscillations or
wiggles [14]. Recently, Lee and Lin (2001) presented a characteristic Galerkin discrete Boltzmann equation (CGDBE) to
overcome this problem by implementing a Taylor-Galerkin
procedure for the discrete Boltzmann equation, which is, to
the best of our knowledge, the only literature describing FELBM. This method, however, is limited by its conditional
stability associated with the explicit expression of the convection term [15].
Least-squares finite-element (LSFE) method, on the other
hand, was recently shown to be a robust and efficient way to
solve non-self-adjoint equations where convection operators
are of first order [14], always leading to symmetric, positivedefinite linear systems of equations, eliminating the need to
use upwinding, staggered grids and operator splitting techniques [16]. Compared with Taylor-Galerkin-based FE methods, LSFE method possesses improved stability. Furthermore, for more complex systems, Taylor-Galerkin-based FE
method may promote oscillations at discontinuities [14] or at
solid-liquid interfaces. Those oscillations may be suppressed
by artificially adding dissipation terms like those in “upwind” and “artificial viscosity” schemes, which, however,
are dependent on the specific parameters of the problem.
Employing a LSFE scheme to solve the lattice Boltzmann
equation thus represents a promising approach to extend
LBM to more practical and complex domains, while simultaneously benefitting from the finite-element method’s superior stability and flexibility. It is in this light that we propose
to implement a new FE-LBM, which utilizes LSFE in space
and Crank-Nicolson scheme in time.
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Our starting point for illustrating this new method is the
discrete lattice Boltzmann equation
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where N j denotes the element shape function, n represents
the number of nodes in an element, and f j is the nodal values
at the jth node. Introducing Eq. (9) into Eq. (8) for an element, we get
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For finite-element analysis, the problem domain can first
be subdivided into a set of finite elements, and then approximated by the solution f e,n+1
in a finite subspace as
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Nine possible directional velocities are used in this study,
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and 1 / 36 for i = 5 , 6 , 7 , 8. The nine velocities are defined as
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where E is the residual due to nodal approximation. The
LSFE is based on the minimization of the squares of the
residual for the subspace
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Here,  = 1 / 2 corresponds to the Crank-Nicolson scheme,
providing for second-order accuracy in time. Rearranging
Eq. (6), a standard form for LSFE can be obtained:
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Construction of the LSFE-LBM first considers application
of the  method to treat time-space approximations. Setting
the time step ⌬t = tn+1 − tn, and given f ni for the previous time
for the current time step is determined
step, the solution f n+1
i
from
n+1
i

u៝ · c៝ i

in which i is the weighting parameter for each velocity
direction. The density per node  and the macroscopic velocity u៝ are defined by
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where f i represents the particle velocity distribution function,
c៝ i is the velocity along the ith direction, N is the number of
different velocities in the model, and ⍀i denotes the collision
operator which is commonly approximated by the
Bhatnagar-Gross-Krook model [17],
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where ⍀e is the domain of the eth element, and the exponent
T denotes the transpose. For each element the following linear algebraic equations can be derived from Eq. (12):
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TABLE I. A comparison of accuracy and stability characteristics
of FD-LBM, CGDBE, and LSFE-LBM for the pure advection equation on a uniform mesh. ⌬x= element size. ⌬t= time step. e= discrete velocity in the characteristic direction [15].
FD-LBM
Accuracy
Stabilitya

f

eq,n−1
h

=

兺
j=1

Boundary conditions are implemented as proposed by Lee
at the boundary are treated as part of the
and Lin [15]: f n+1
h
solution, and macroscopic boundary conditions are imposed
through f eq
h .
Through this LSFE derivation process it is clear that the
Ke matrix in Eq. (13) is symmetric and positive definite.
Preconditioned conjugate gradient methods can be used as
efficient tools for solution. Furthermore, an element-byelement scheme may be developed, without the need to store
the global matrix [14], effectively reducing memory storage
requirements.
Implementing the same accuracy analysis procedure as
presented by Lee and Lin [15] for the pure advection equation on uniform meshes, LSFE-LBM enjoys similar accuracy
as the CGDBE method, i.e., fourth-order accuracy in space
and second-order accuracy in time. Compared to the secondorder accuracy in space for FD-based LBM, it is clear that
FE-based LBM greatly increases numerical accuracy. Application of von Neumann stability analysis to LSFE-LBM reveals unconditional stability with any Courant-FriedrichsLewy (CFL) number for the pure advection equation on a
uniform mesh if  in Eq. (6) is in the range of 共1 / 2 , 1兲. This
unconditional stability, derived from the implicit nature of
LSFE, provides a significant advantage over CGDBE, which
is only conditionally stable due to its explicit treatment of the
advection term. A comparison of accuracy and stability
among LSFE-LBM, CGDBE, and FD-LBM is given in Table
I. Stability analysis related to nonlinear equilibrium terms in

Ⲑ

Fourth order
Second order
Unconditional

Stability of FD-LBM is based upon the specific time discretization
scheme used.

the lattice Boltzmann equation, however, suggests that the
stability of the LSFE-LBM is dependent on a number of
parameters, including time step, element size, wave number,
and relaxation time. This complex dependence of the stability has also been reported by other studies for LBM on irregular grids [3,18], and thus is not unique to LSFE-LBM.
Two simple examples, Poiseuille flow and Couette flow,
are presented to demonstrate the validation of the proposed
method. More complex examples will be presented in subsequent publications. An analytical solution to plan Poiseuille
flow in a channel is provided by Eq. (19) [19]:
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where x is the spatial longitudinal dimension, y is the spatial
transverse dimension, umax is the maximum velocity at the
parabolic velocity profile, and H is the half-width of the
channel. In our LSFE-LBM implementation, the initial flow
velocity is zero, relaxation time, , is 0.05, particle density,
, is 1.0, umax is 1.0, and H is 5 / 6. A periodic boundary
condition is applied in the x direction, and a body force G
= 2umax/H2 is applied in the x direction to initiate the flow,
where  is the viscosity following the relationship  = /3.
This system possesses a Reynolds number 共Re = umax2H/兲 of
10, and a Mach number 共Ma= umax/cs兲 of 0.173. Results presented in Fig. 1 illustrate that LSFE-LBM achieves close
agreement with the analytical solution.
The second application of unsteady Couette flow is used
to evaluate the temporal accuracy of LSFE-LBM. Here, the
top plate is moving along the x direction at a constant velocity, umax, while the bottom plate remains stationary. The analytical solution for Couette flow is [19]

u共y,t兲 = umax

u
+
D

⬁

兺
i=1

2umax共− 1兲i −1/2t
e i sin iy,
 iD

0 艋 y 艋 D,
共21兲

where i = i/D , m = 1 , 2 , 3. . .
A periodic boundary condition is applied in the x direction, and the Reynolds number 共Re = umaxD/兲 is again set
equal to 10, where D represents the width of the channel.
The time step is 0.03, relaxation time, , is 0.05, particle
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FIG. 1. Comparison of LSFE-LBM solution (points) and analytical solution (line) for normalized velocity profile for Poiseuille
flow. In the LSFE-LBM, the relaxation time, , is 0.05, and particle
density, , is 1.0, the maximum velocity, umax, is 0.1, and the halfwidth of the channel, H, is 5/6.

density is 1.0, umax is 0.1, and D is 5 / 3. A comparison of
the numerical results and the analytical solution is shown in
Fig. 2.
Although the examples presented here are fairly simplistic
in nature, they serve to demonstrate the successful coupling
of LSFE and LBM, and its application to steady and unsteady incompressible flow. The geometric flexibility and numerical stability of finite-element methods inherent in LSFELBM suggest that this method is very flexible and can be
applied to domains possessing complex boundary geometries
using unstructured meshes with increased numerical accuracy and stability. LBM provides for increased computational
efficiency relative to traditional computational fluid dynamics (CFD) methods employing the Navier-Stokes equation,
especially in cases with increased geometric complexity. Al-
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